In Cu 2 CdB 2 O 6 , a quantum-mechanical 1/2 magnetization plateau and classical antiferromagnetic long-range order ͑AF-LRO͒ appear. Two crystallographic Cu sites ͑Cu1 and Cu2͒ exist and have spin-1/2. It was speculated previously that spins on the Cu1 sites were in a nearly singlet state and that spins on the Cu2 sites formed the long-range order in weak magnetic fields and were almost saturated in fields of the magnetization plateau. As described herein, we report the magnetic structure of Cu 2 114 Cd 11 B 2 O 6 as determined using neutron powderdiffraction measurements. Contrary to that previous speculation, both the Cu1 and Cu2 spins have large magnetic moments in the ordered state. We discuss the mechanism which causes the magnetization plateau and AF-LRO.
I. INTRODUCTION
Magnetic long-range order ͑LRO͒ does not appear at finite temperature in low-dimensional antiferromagnetic ͑AF͒ Heisenberg spin systems. Supplementary interactions such as interchain interactions in one-dimensional spin systems ͑spin chains͒ sometimes stabilize magnetic LRO. Magnetic LROs in low-dimensional spin systems often differ from those in three-dimensional ͑3D͒ spin systems as cubic systems. An example is antiferromagnetic long-range order ͑AF-LRO͒ in the spin-chain cuprate CuGeO 3 doped with impurities. 1, 2 This cuprate exhibits the spin-Peierls transition 3, 4 instead of AF-LRO in spite of finite interchain interactions. 5 The AF-LRO induced by doping of impurities is accompanied by a spatial modulation of magnitude of magnetic moments and spin-gap excitations. [6] [7] [8] [9] The spin state at low temperature in the low-dimensional antiferromagnet Cu 2 CdB 2 O 6 was speculated to be peculiar. 10 This substance exhibits a quantum-mechanical 1/2 magnetization plateau as well as classical AF-LRO. Only Cu 2+ ions have spin-1/2. Figure 1͑a͒ schematically presents Cu positions 11 and dominant exchange interactions. 10 Two crystallographic Cu sites ͑Cu1 and Cu2͒ exist. Two Cu 2+ ions in the Cu-Cu bond 1, 2, or 3 share one or two O 2− ions. The parameters of the exchange interaction are defined respectively as J 1 , J 2 , and J 3 for the Cu-Cu bonds 1, 2, and 3. A spin Hamiltonian formed by the three interactions is expressed as
The J 1 interactions form dimers of Cu1 spins. The J 3 interactions form chains of Cu2 spins. The J 2 interactions connect dimers and chains. In the previous work, 10 we assumed that the three interactions were AF because Cu-O-Cu angles are larger than 99°i n the three bonds. We calculated the temperature T depen-dence of the magnetic susceptibility ͑T͒ and the magneticfield H dependence of the magnetization M͑H͒ of the spin system shown in Fig. 1͑a͒ and described by Hamiltonian ͑1͒. We obtained calculated results which well fitted the experimental ones in the whole temperature range. Obtained values of the three interactions seemed reasonable. Therefore, we considered that we needed not include explicitly other interactions in the model to explain the magnetism of Cu 2 CdB 2 O 6 . However, the three interactions alone leave the spin system fractured into groups of dimers and two chains. Therefore, AF-LRO cannot be generated only by the J 1 , J 2 , and J 3 interactions. Other weak 3D interactions and anisotropy are necessary to stabilize AF-LRO.
In the previous work, 10 the J1 interaction was evaluated to be the strongest. It was speculated that a state of Cu1 spins was nearly nonmagnetic with an energy gap because of an AF dimer formed by the strongest J 1 interaction and that Cu2 spins formed AF-LRO in low magnetic fields and were almost saturated at fields stronger than 23 T. This picture can explain a 1/2 magnetization plateau.
In the present work, we report the magnetic structure below the AF transition temperature T N = 9.8 K in Cu 2 CdB 2 O 6 determined using neutron powder-diffraction measurements. Contrary to the previous speculation, 10 the Cu1 spins as well as the Cu2 spins are found to have large magnetic moments as low-dimensional antiferromagnets. We discuss the reason why the quantum-mechanical 1/2 magnetization plateau and classical AF-LRO can appear.
II. METHODS OF EXPERIMENTS AND CALCULATIONS
Crystalline powders of Cu 2 114 Cd 11 B 2 O 6 were synthesized using a solid-state-reaction method at 1073 K in air for 160 h with intermediate grindings. We used isotopes 114 Cd and 11 B to decrease the absorption of neutrons. Purity of the isotopes is 99%. We confirmed formation of Cu 2 CdB 2 O 6 using an x-ray diffractometer ͑JDX-3500; JEOL͒.
We have investigated temperature dependence of lattice parameters in detail by means of high-resolution synchrotron radiation x-ray powder-diffraction experiments. The experiments were performed using the high-resolution Materials Science powder diffractometer ͑MS-PD͒ ͑wavelength = 0.4974 Å͒ at the Swiss Light Source Materials Science ͑SLS-MS͒ beamline at the Paul Scherrer Institut ͑PSI͒ in Switzerland. Powders were loaded in a 0.3-mm-diameter and 30-mm-long Lindemann capillary to reduce the effect of the absorption. The capillary spun at approximately 6 Hz for improved powder averaging inside the 4 He cryostat ͑Janis, T range; 4.2-300 K͒. The diffracted signal was detected using the high-resolution fast MYTHEN II solid-state detector. 12 Thanks to the extremely high counting efficiency of MYTHEN II we were able to follow the T evolution of the lattice parameters at very fine steps ͑approximately 1 K step below 11 K; approximately 2 K step from 13 to 20 K; approximately 5 K step from 25 to 300 K͒.
We determined the magnetic structure of Cu 2 114 Cd 11 B 2 O 6 from neutron powder-diffraction experiments. The experiments were conducted using the high-resolution powder diffractometer for thermal neutrons ͑HRPT͒ ͑ = 1.886 Å͒ and the high-intensity cold neutron powder diffractometer ͑DMC͒ ͑ = 2.458 Å͒ at the Swiss spallation neutron source SINQ at PSI. Powders were packed in a vanadium container with 8 mm diameter and 55 mm height. The container was installed in an orange cryostat. The temperature range was 1.5-15 K. Rietveld refinements of diffraction data were performed using the FULLPROF program package. 13 Symmetry analyses of possible magnetic configurations were conducted using the program BASIREP in the FULLPROF program package.
We calculated susceptibility and magnetization of the spin system shown in Fig. 1͑a͒ and described by Hamiltonian ͑1͒ using a quantum Monte Carlo ͑QMC͒ technique with a directed-loop algorithm in path-integral formulation. 14 
III. RESULTS AND DISCUSSION
The space group of Cu 2 CdB 2 O 6 is monoclinic P2 1 / c ͑No. 14͒. 11 Figure 2 portrays the temperature dependence of lattice parameters determined using the synchrotron x-ray diffractometer MS-PD. Values of ͑y max − y min ͒ / ͑y max + y min ͒ are set to about 0.0026 in the main figures to facilitate comparison of the relative changes of these parameters. Here, y max and y min , respectively, denote values of upper and lower limits of each vertical axis. As the temperature is lowered, a, c, and ␤ decrease, whereas b slightly increases. The volume of the unit cell decreases concomitantly with decreasing T. The ratio between maximum and minimum values of a is 1.004. Therefore, the temperature dependence of lattice parameters
͑Color online͒ ͑a͒ A schematic drawing of Cu 2+ -ion positions in Cu 2 CdB 2 O 6 . Red and blue circles represent Cu1 and Cu2 sites, respectively. Red, green, and blue bars represent Cu-Cu bonds 1, 2, and 3, respectively. Parameters of an exchange interaction are defined, respectively, as J 1 , J 2 , and J 3 in the Cu-Cu bond 1, 2, and 3. Arrows on the Cu sites indicate magnetic moments below T N = 9.8 K determined in the present study. A box on the left side shows the crystallographic unit cell. ͑b͒ An illustration of the fourspin system consisting of S 1 -S 4 . We designate a spin pair formed by S j and S j+1 as an ␣ j pair. is small. Probably, the values of exchange interactions are almost independent of T. The lattice parameters do not show remarkable changes around T N = 9.8 K. Magnetism does not couple with the lattice system. Figure 3 depicts the neutron powder-diffraction pattern of paramagnetic Cu 2 114 Cd 11 B 2 O 6 recorded using the HRPT diffractometer with = 1.886 Å at 15 K, which is slightly higher than T N = 9.8 K. We determined the crystal structure using a FULLPROF refinement based on 753 inequivalent nuclear reflections within the monoclinic space group P2 1 / c and all atoms on the most general site 4e. The FULLPROF refinement based on the crystal structure of Cu 2 CdB 2 O 6 as determined by room-temperature single-crystal x-ray diffraction 11 can well reproduce the observed neutrondiffraction data at 15 K. Structural parameters are presented in Table I ; interatomic distances and angles of the three Cu-Cu bonds at 15 K presented in Table II .
The inset of Fig. 3 depicts the difference between two neutron powder-diffraction patterns recorded at 1.5 and 15 K. Additional weak reflections are apparent at 1.5 K. As explained later, these are magnetic reflections caused by the AF-LRO. The magnetic reflections at 11.4°and 13.4°can be indexed respectively as ͑0,0,1͒ and ͑0,1,1͒ and have the strongest intensities among all magnetic reflections. Nevertheless, these intensities are two orders of magnitude less than the intensity of the strongest nuclear reflection ͑−1,0,2͒ at 39.0°.
Dots presented in Fig. 4 represent the difference between two neutron powder-diffraction patterns recorded at 1.5 and 15 K using the DMC diffractometer with = 2.458 Å. The new reflections at 1.5 K can all be indexed with a propagation vector k = ͓0,0,0͔. Some new reflections exist on positions of nuclear reflections, whereas indices of the others are ͑0,k ,0͒ with odd k, ͑0,0,l͒ with odd l, or ͑h ,0,l͒ with odd h and l. The inset of Fig. 4 portrays the temperature depen-dence of integrated intensity of the magnetic reflection at ͑0,0,1͒. This reflection appears below T N = 9.8 K. The intensity increases with decreasing T and is saturated at less than 4 K. The temperature dependence indicates that the new reflections in Fig. 4 are magnetic reflections.
Using the magnetic propagation vector k = ͓0,0,0͔, we performed a symmetry analysis according to Izyumov et al. 15 to derive possible magnetic configurations for both Cu͑4e͒ sites of the space group P2 1 / c. The symmetry analysis allows four irreducible representations ͑IRs͒, as shown in Table III . The observed magnetic patterns were compared with calculated patterns using the structural parameters of both Cu1 and Cu2 determined from the structural refinement. After sorting out the basis functions of all four IRs, we found that only 2 well fits the observed pattern. The intensities of the weak magnetic reflections at 2 values around 40°-50°a re essential to select the correct IR. The magnetic structure is depicted in Fig. 1͑a͒ . The magnetic moment vector at the Cu1͑1͒ position is ͓0.05͑5͒ , −0.44͑2͒ , −0.04͑4͔͒ B , and its magnitude is 0.45͑2͒ B for a g value of 2. The ordered Cu1 moments almost point along the b direction and components along a and c directions are zero within experimental errors. The magnetic moment vector at the Cu2͑1͒ position is ͓−0.16͑7͒ , 0.81͑2͒ , 0.1͑2͔͒ B , and its magnitude is 0.83͑3͒ B for a g value of 2. The ordered Cu2 moments almost point along the b direction with a small component along the a direction. The threedimensional arrangement of the moments indicates that the J 1 , J 2 , and J 3 interactions are AF, ferromagnetic ͑F͒, and F, respectively. The signs of the J 2 and J 3 interactions are opposite to those obtained in the previous paper. In the previous paper, 10 it was speculated that the Cu1 moment was very small and that only the Cu2 moment was effective and derived from Rietveld refinement of the HRPT neutron powder-diffraction pattern at 15 K. The space group is monoclinic P2 1 / c ͑No. 14͒. The lattice constants at 15 K based on the more accurate x-ray diffraction data are a = 3.4047͑5͒ Å, b = 15.140͑2͒ Å, c = 9.298͑1͒ Å, and ␤ = 92.80͑1͒°. To reduce the large number of fitting parameters, one Debye-Waller factor was used for each element. Estimated standard deviations are shown in parentheses. Agreement values of the fit were R wp = 6.94%, R expt. = 2.69%, and 2 = 6.66.
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formed AF-LRO. Contrary to that speculation, both the Cu1 and Cu2 spins have large magnetic moments as lowdimensional antiferromagnets. We now determine values of the exchange interactions. We can estimate as j ϵ J 2 / J 1 = −0.54͑6͒ from a ratio of the values of the two magnetic moments ͑0.45/ 0.83= 0.54͒. 16 Experimental susceptibility is roughly reproduced by calculated susceptibility with J 1 = 240 K, J 2 = jJ 1 = −130 K, and J 3 =0 K ͑not shown͒. We consider the J 3 interaction. QMC results with J 1 = 264 K, J 2 = jJ 1 = −143 K, and J 3 = −4.95 K well fit the experimental susceptibility above T N = 9.8 K and magnetization at 15 K ͑above T N ͒, as presented in Figs. 5͑a͒ and 5͑b͒, respectively. A 1/2 magnetization plateau appears at around 20 T in an experimental magnetization curve and QMC results of magnetization at 2.9 K, as presented in Fig.  5͑c͒ . The experimental curve in low magnetic fields, however, cannot be reproduced by the QMC results of magnetization. We calculated susceptibility and magnetization using several values of the three interactions for the case j Ͻ 0. However, within the case j Ͻ 0 we were unable to find values of the exchange interactions which can reproduce experimental results at all temperatures. The discrepancy between the experimental and QMC results below T N is probably caused by the formation of AF-LRO which cannot be explained by the spin system shown in Fig. 1͑a͒ and described by Hamiltonian ͑1͒. As presented in Table II , one of the Cu2-O1 distances in the bond 3 is large ͑2.35 Å͒. Accord-ingly, we consider that the magnitude of the J 3 value is much smaller than that of the J 1 and J 2 values.
We discuss why the quantum-mechanical 1/2 magnetization plateau and the classical AF-LRO can appear in Cu 2 CdB 2 O 6 . Classical models of AF-LRO cannot explain the 1/2 magnetization plateau. As described, all the magnetic moment vectors are almost parallel to the b direction. When magnetic fields are applied perpendicular to the b direction, magnetization increases gradually up to a saturation field. When magnetic fields are applied parallel to the b direction, magnetization also increases up to a saturation field. A rapid increase in magnetization is apparent at the spin-flop transition. Magnetization plateaus cannot appear when the magnetization in AF-LRO is considered based on classical models. Accordingly, the 1/2 magnetization plateau in Cu 2 CdB 2 O 6 is caused by quantum-mechanical discrete energy levels of magnetic eigenstates.
We consider eigenstates of the spin system in Cu 2 CdB 2 O 6 . The J 1 and J 2 interactions are dominant. Therefore, it is expected that the eigenstates in Cu 2 CdB 2 O 6 resemble those of the four-spin system depicted in Fig. 1͑b͒ . Eigenenergies and eigenstates of the four-spin system have already been calculated. 17 There are two S T = 0 states ͉͑01͘ and ͉02͒͘, three S T = 1 states ͉͑11͘, ͉12͘, and ͉13͒͘, and one S T = 2 state ͉͑21͒͘. S T means a total spin of the four-spin system. When J 1 = 264 K and J 2 = −143 K, the ground state ͑GS͒ in the zero magnetic field is ͉02͘. Energy difference between GS and excited states is 16.6 ͉͑13͒͘, 227 ͉͑21͒͘, 317 ͉͑12͒͘, 370 ͉͑11͒͘, and 477 K ͉͑01͒͘. As the magnetic field TABLE III. Characters of irreducible representations ͑IRs͒ of a little group of the propagation vector k = ͓0,0,0͔ for the space group P2 1 / c. The basis vectors of IR ͑ 2 ͒ 1 , 2 , and 3 are also given. Decompositions of axial vector representations for the 4e site read as ⌫ Mag =3 1 3 2 3 3 3 4 . increases, GS moves sequentially to ͉13, S z T =1͘ and to ͉21, S z T =2͘. The magnetization of the four-spin system exhibits a 1/2 magnetization plateau because of the energy difference between ͉13͘ and ͉21͘. The ground state in magnetic fields of the magnetization plateau ͑plateau region͒ is expressed as ͉13,S z T = 1͘ = C 11 ͉͑+ − + + ͘ − ͉+ + − + ͒͘
IR/symmetry operation
The two coefficients are
͑4͒
The sign + or − in kets ͉....͘ means S jz =1/ 2 or −1/ 2 ͑j =1 to 4͒. For example, ͉+−++͘ means ͉S 1z =1/ 2,S 2z =−1/ 2,S 3z =1/ 2,S 4z =1/ 2͘. The first term in Eq. ͑2͒ is a product of a singlet state in the ␣ 2 pair and a triplet state with S z = 1 in the ␣ 4 pair. The second term in Eq. ͑2͒ is a product of a singlet state in the ␣ 4 pair and a triplet state with S z = 1 in the ␣ 2 pair. When j = −0.54, C 11 / C 12 = 3.9. These results demonstrate that the Cu1 and Cu2 spins can simultaneously have characters of both singlet and triplet states.
In the four-spin system with J 1 = 264 K and J 2 = −143 K, the energy difference between the singlet GS ͉02͘ and the first excited triplet state ͉13͘ is small in the zero magnetic field ͑16.6 K͒. Probably characters of the triplet states can be easily mixed into the singlet GS by introduction of other interactions except for the J 1 and J 2 interactions. Therefore, finite magnetic moments can exist in GS of Cu 2 CdB 2 O 6 . AF-LRO, which differs greatly from the singlet state, is stabilized by the J 1 , J 2 , J 3 , and other weak 3D interactions and anisotropy. There is no qualitative difference between Cu1 and Cu2 spins in the plateau region of the four-spin system. 18 Accordingly, it is expected that both the Cu1 and Cu2 spins have magnetic moments in the ordered state of Cu 2 CdB 2 O 6 . The energy difference between the triplet state ͉13͘ and the S T = 2 state ͉21͘ is large in the zero magnetic field ͑211 K͒. Characters of the S T = 2 states cannot be easily mixed into the GS in the plateau region ͉13, S z T =1͘. Therefore, the 1/2 magnetization plateau can remain. A magnetization plateau and magnetic LRO have been reported in several substances such as A 3 Cu 3 ͑PO 4 ͒ 4 ͑A =Ca,Sr,Pb͒, [19] [20] [21] 20 It is interesting to determine the magnetic structure of these substances and to study the relation between the magnetization plateau and magnetic LRO.
Let us now discuss anisotropy. Directions of ordered magnetic moments are determined mainly by anisotropy. Probably, oxygen positions around copper play an important role. We surveyed the relation between directions of ordered magnetic moments and oxygen positions around copper in several cuprates. Four short Cu-O bonds lie in a plane in La 2 CuO 4 and CuGeO 3 . Spins exist in d͑x 2 − y 2 ͒ orbits spreading over the four Cu-O bonds. The ordered magnetic moments lie in the same plane. 6, 25 27 A similar preference is also seen in Cu 2 CdB 2 O 6 as shown in Fig. 6 .
At high temperatures, anisotropy energy is small enough compared to the temperature. Probably, we can evaluate val- ues of dominant exchange interactions without considering anisotropy. As depicted in Fig. 5 , we can quantitatively explain susceptibility and magnetization at temperatures greater than T N using the spin system including the J 1 , J 2 , and J 3 interactions alone. Susceptibility and magnetization in the ordered state, on the other hand, cannot be reproduced by the same system. We have to add other energies. The next important energies are other weak 3D interactions which stabilize AF-LRO. In addition to the above-mentioned exchange interactions, anisotropy affects susceptibility and magnetization at low temperatures. However, it is impossible to determine uniquely values of these parameters because of the huge parameter space. We do not have formula of T N and the spin-flop field H SF of models including the J 1 , J 2 , J 3 , and other weak 3D interactions and anisotropy. Therefore, we could not estimate these values from T N or H SF . As described in our previous paper, 10 H SF = 1.5 T = 2.1 K. This value is much smaller than the J 1 or J 2 value ͑264 or −143 K͒. In a molecular field approximation for a two-sublattice model with one exchange interaction, H SF is expressed as H SF = ͱ 2H E H A . Here H E or H A is the magnetic field generated by the exchange interaction or anisotropy energy. Consequently, we can say that anisotropy is very small.
IV. CONCLUSIONS
Cu 2 CdB 2 O 6 exhibits the quantum-mechanical 1/2 magnetization plateau and classical antiferromagnetic long-range order. We determined the crystal and magnetic structure at low temperature using neutron and synchrotron x-ray powder-diffraction experiments. Contrary to the earlier speculation, the spins on both the Cu1 and Cu2 sites have large ordered magnetic moments as low-dimensional antiferromagnets. The 1/2 magnetization plateau is caused by the quantum-mechanical discrete energy levels of magnetic eigenstates of the four-spin system. The magnetization plateau remains against other weak three-dimensional interactions because of the large energy difference between the triplet and S T = 2 states. On the other hand, characters of the triplet state can be easily mixed into the singlet GS by introduction of the weak interactions because of the small energy difference between the singlet and triplet states. Therefore, finite magnetic moments can exist in GS of Cu 2 CdB 2 O 6 . AF-LRO, which differs greatly from the singlet state, is stabilized by the J 1 , J 2 , J 3 , and other weak 3D interactions and anisotropy. There is no qualitative difference between Cu1 and Cu2 spins in the plateau region of the four-spin system. Accordingly, it is expected that both the Cu1 and Cu2 spins have magnetic moments in the ordered state. 
